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Abstract. In the present paper we prove that the classes of Dixmier and 
Connes-Dixmier traces differ even on the Dixmier ideal Mi^oo- We construct 
a Marcinkiewicz space and a positive operator T £ which is Connes- 
Dixmier measurable but which is not Dixmier measurable. 



1. Introduction and preliminares 

In [5] J. Dixmier proved that there exists a non- normal trace (a Dixmier trace) 
on the non-commutative Marcinkiewicz spaces for every ip such that 

(1.1) lim ^ = 1. 

In [4] A. Connes introduced a subclass of Dixmier traces, later termed in [9^ Connes- 
Dixmier traces. In this paper, we investigate the relationship between these two 
classes and show that they differ even on the classical Dixmier ideal A^i.oo- Fur- 
thermore, we prove that there is a Marcinkiewicz ideal Ai^, with ip satisfying (jl.ip 
such that these two classes of traces generate distinct sets of measurable elements 
(see H IV.2.^.Definition 7] and Definitions fOl and [L4l below) . 

1.1. Generalized limits. Let loo be the Banach space of all bounded sequences 
X = {xo,Xi, . . .) with the norm 

Ikll/oc := sup|a;„|. 

n>Q 

A normalized positive linear functional on Zoo which equals the ordinary limit 
on convergent sequences is called a generalized limit. For every n e N we define a 
dilation operator cr„ : Zoo loo as follows 

Crn{xo,Xi,. . .) = [ Xq, . . . ,Xo,Xi, . . . ,Xi, . . 

y — V ' ^ — V ' 

\ n n 

If a generalized limit lo on Zoo satisfies the condition 

a;((T„x) = ui{x) 
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for every x € loo and any n € N, then w is called a dilation invariant generalized 
limit. 

Let Loo = Loo{0,oo) be the space of all real- valued bounded Lebesgue measur- 
able functions on (0,oo) equipped with the norm 

ll^^llioo esssup \x{t)\. 
t>o 

A normalized positive linear functional on Loo which equals the ordinary limit 
on convergent (at infinity) sequences is called a generalized limit. For every x € Loo 
and for any generalized limit 7 on Loo the following inequalities hold 

liminf a;(t) < 7(2;) < limsupa;(i). 

By Hahn-Banach extension theorem, for every x G Loo there exist generalized limits 
71 and 72 such that 

(1.2) 7i(a;) = limsupx(i), 72(0;) = liminf a;(t). 

t^oo *^oo 

We define a dilation operator <Ts : Loo ~> Loo as follows 

{<7sX){t) = X{t/s), S > 0. 

A generalized limit uj on Loo is said to be dilation invariant if 

ui{asx) = Lu{x) 

for every x € Loo and any s > 0. 

Let TT be the isometric embedding tt : /oo — >• Loo given by 

00 

{Xn}^=Q XnX{n,n+\\- 
n=0 

The following natural way to generate dilation invariant generalized limits was 
suggested in [4, Section IV, 2/3]. A. Connes observed that for any generalised limit 
7 on Loo a functional w:=7oAfo7risa dilation invariant generalized limit on loo- 
Here, the bounded operator M : Loo — ^ Loo is given by the formula 

(Mxm :=-!- fxis)-. 

logtJi s 

Throughout the paper we denote by log t the natural logarithm and by logj t the 
logarithm with base 2. 

1.2. Marcinkiewicz spaces. Let B{H) be an algebra of all bounded linear oper- 
ators on a separable Hilbert space H equipped with the uniform norm and let Tr 
be the standart trace. 

For every operator T e B{H) a generalized singular value function ^(T) is 
defined by the formula 

^(i,r) = inf{||Tp|l : p is a projection in B{H) with Tr(l -p) < t}. 

For a compact operator T , it can be proven that /i(fc, T) is the fc-th largest eigenvalue 
of an operator |T|, fc > 0. 

Since B{H) is an atomic von Neumann algebra and traces of all atoms equal to 
1, it follows that /i(T) is a step function and /i(T) — 7r(/x(fc, T)) for every T G B{H). 

Let il denote the set of all concave functions ip : [0,oo) — >■ [0,cx)) such that 
limt_s.o+ ^{t) — and limt_j.oo V'(*) — oo- 
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Let t/j £ V,. Consider the Banach ideal {M^, \\ ■ \\m.^) of compact operators in 
B{H) given by (see e.g. (21 E [9]) 

1 " 1 




where /* denotes the decreasing rearrangement of the function |/| that is 

f*{t) inf{s > : mes{{\f \ > s}) < t}. 

We define the Marcinkiewicz function space of real-vahied measurable func- 
tions / on (0, oo) by setting 

II/IIm^, := supa(t, /) < oo. 

t>Q 

For a compact operator we have T e if and only if /i(T) G M^. 

In the case when il){t) — log(l + 1) the space A^^ is a well-known Dixmier ideal 

1.3. Singular traces on general Marcinkiev^ricz spaces. For an arbitrary di- 
lation invariant generalized limit uj on l^o the weight 

Tr.(T) . (| ^^^^ g M^, T) |^ J , < T e A^,., 

extends to a non-normal trace (a Dixmier trace) on Ali.oo We denote the 

set of all Dixmier traces by T). 

The subclass C C I? of all Dixmier traces Tr^^ defined hy lj — "foMon was termed 
Connes-Dixmier traces in [5]. A priori, C C 2? and the question about precise 
relationship between these two classes arises naturally. Recently the distinction 
between C and V was studied by A. Pietsch in terms of density characters (see [11] - 
[13] ) . For the discussion of various classes of singular traces we refer to [1] [2l [10] . 

The first main result of the present paper (Theorem 12.21 below) shows that the 
inclusion C C I? is proper. Our approach is completely different from that of 
A. Pietsch and the proof provided here is much shorter. 

It has become traditional to reduce various problems about Dixmier traces to 
its commutative analogues. 

For every dilation invariant generalized limit uj on Loo one can define a commu- 
tative analogue of Dixmier trace (a Dixmier functional on Mi ao) as follows 

(1-3) T^(/) =^(a(t,/)), 0< /e Mi,oo 

and extend it to Mi^oo by linearity. 

It was shown in [71[S] that, for a general Marcinkiewicz space M^, the following 
conditions are equivalent 

(i) The space admits non-trivial Dixmier traces. 

(ii) The function ip G fl satisfies the following condition 

(1.4) lin,inf^ = l. 
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(iii) There exists a dilation invariant limit lo on loo such that 

It was also proven in [8] Proposition 9, Theorem 11] that for € satisfy- 
ing (|1.4p . the weight 



Tr.(r):^.(^|^^gM^,T)|^J, < T e 



extends to a Dixmier trace on A^^ if and only if a dilation invariant generalized 
limit a; on Zoo satisfies (jl.Sp . 

Similarly to the definition of Connes-Dixmier traces on A^i.oo, for every ■0 g 
satisfing (|1.4p and any dilation invariant limit ui = ^ o M o -k on loo satisfying ()1.5p 
we can define a Connes-Dixmier trace Tr^j on AA^. 

Similarly to (|1.3p . we define Dixmier and Connes-Dixmier functionals r^j for 
every dilation invariant generalized limit uj on Loo satisfying 

^'■'^ " Km) ^ ' 

Remark 1.1. By [TBI Theorem 14, Corollary 15] and [8, Theorem 11] we know that 
for every Dixmier trace Tr^^^ on (uji is a dilation invariant generalized limit 
on loo) there exists a Dixmier functional r^^^ on (w2 is a dilation invariant 
generalized limit on Loo) such that 

Tr„,(T) =r^,(Ai(r)), 0<TeM^,. 

The converse implication also holds. 

The following Lemma was borrowed from [5', Proposition 9]. 



Lemma 1.2. Let tp £ fl .satisfy (II. 4p and let uj he a dilation invariant generalized 
limit on Loo satisfying (jl.6p . For every f € M^, we have 

(1-7) ^(V^)-0. 



m 

Proof. Since is a dilation invariant generalized limit, 



V m ^{2t) Jo 
Since w satisfies (|1.6p . it follows from [8, Proposition 4] that 



f*is)ds]. 



Hence, 

UJ ( —5— / f*(s)ds 
U(2<) Jt ^ ^ ' 

and, furthermore, 



2tf*{2t) 
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Again, applying dilation invariance of uj, we have 

'tr{t) 



= 0. 

□ 



1.4. Measurability. The following definitions were motivated by A. Connes [H 
IV. 2./?. Definition 7] (see also [9, Definition 3.2]) in the case when ■4>{t) — log(l + t). 

Definition 1.3. Let ^/^ £ satisfy (II. 4p . An operator T G M.^ is called Dixmier 
measurable if Tr^(T) takes the same value for all Tr^ e T). 

Definition 1.4. Let ijj ^ Q. satisfy (|1.4p . An operator T e M.^ is called Connes- 
Dixmier measurable if Ti^{T) takes the same value for all Tr^^ £ C. 

Tiieorem 1.5 (Corollary 3.9 from [3]). If ip G il satisfying (|1.4[) is such that 
(1.8) t.^iog(v,(e*)) <C 

for some C > and for allt > 0, then for a positive operator T G Ai^ the following 
statements are equivalent: 

(i) T is Dixmier measurable; 

(ii) T is Connes- Dixmier measurable; 
(Hi) There exists 

n 

(1-9) Wrn ——-Y,^i{k,T). 

n->oo %p(n + 1) ^— ^ 

It is easy to check that the function il){t) = log(l + t) satisfies the condition (|1.8I) . 
Notwithstanding the difference between the sets of Dixmier and Connes-Dixmier 
traces, a positive operator T e A^i.oo is Connes-Dixmier measurable if and only if 
it is Dixmier measurable. 

This result naturally raises the question, whether for an arbitrary function ^ £ Q. 
satisfying (|1.4p the Connes-Dixmier measurability is equivalent to Dixmier measur- 
ability on the cone of all positive elements from M.^. Our second main result 
(Theorem 13.41 below) shows that the answer is (surpisingly) negative. 

An example of the function tjj G H. satisfying (|1.4p but failing the equivalence (i) 
<J4> (iii) was constructed in jS] Theorem 4.6]. However, if -0 e satisfies (11.11) . then 
Theorem 13.31 below shows that the equivalence (i) <4> (iii) holds independently of 
the condition (II. 



2. The classes of Dixmier and Connes-Dixmier traces are distinct 

Denote by the separable part of the space A4^, that is the closure in 
of the set of all finite dimensional operators from B{H). The following Lemma was 
proven in [9l Theorems 2.8 and 5.12] (see also 2, Theorems 7.3 and 7.4]). 

Lemma 2.1. If ip G satisfies (jl.ip . then 

(2.1) dist(T,X^)= sup Tr„(T), < T e 



If V' satisfies ()1.8p , then there exists c > 1 such that 

(2.2) sup Tr^(r) < dist(T,X° ) < c • sup Tr^(r), 0<TeM^ 
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In view of the difference between p.ip and p.2p . the following question arises 
naturally: "Is the constant c in (|2.2|) necessarily strictly greater than 1?" The fol- 
lowing theorem shows that the inclusion C d V is proper and answers this question 
in the affirmative. 

Theorem 2.2. There exists a positive operator Tq G A^i.oo such that 

sup Trt^(To) > sup Tt^{To). 

Proof. Let Tq be such that 

IJ.{To) = sup2''"^''xj 

k>0 ^ ' ' 

We set /o — Ai(Jo). By Lemma [2T| we have 

sup Tr^(ro) =dist(r,A^°) 

= limsupa(i, /o). 



By (|1.2I) . we have 



sup Tr^(ro) =limsup(A^a(•,/o))(^)• 
Tr^^GC «->oo 



So, it is sufficient to prove that 

limsupa(i, /o) > limsup(Afa(-, /o))(t). 

Clearly, /o = /o- For every 2^" < t < 2^"^^ we have 



(2-3) = r^^^ y / 2'=-2'=d. + t/o W + 0(1) 

log(l + i) 

2"+i tfo*(t) 

= biT + bi(TT7)+^(i)- 

It is easy to check that /o e Afi,oo and, hence. To G 7Wi,c3o- 
By Lemma [1.2[ 7 o Af log "i+t) ) = fo'" every generalized limit 7 on Loo and, 
appealing to (|1.2p . we conclude 

(2.4) lim AL f , ""{"^f^ . ) (t) = 0, for every / e Afi,oo. 

t-J-oo \log(l + s)/ 



Define the function x e Loo by setting 

2" 



n=0 



Hence, we obtain from (12.31) and (12.41 



limsup(A/a(-,/o))(i) = 2 limsup(AL2;)(t). 

t—^OO t—¥00 
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For 2^" < t < 2^" , we have 



n — l „2 



Since 



logt 1 ^ 72^'= logs 72^" logs 

dlog s log2(log2 s) - log2(log2 e) 



log s log2 e 



it follows that 

{Mx)(t) = ( ^ 2^= + 2"(log2(log2 i) - n) ) + 0(1) 

(l + log2(log2 i)-n) + o(l). 



log 2 
logt , 

2" log 2 



log^ 
The function 



^^^^ 2^1o|2 te [22",22"+') 

logi 



has extrema at 



t„ = 22^"^" e [22",22"^'), neN. 

2"^ 



We have g{tn) = e\o^2 ^'^^ every n G N. Since g(2 ) = 1 for every rt S N and since 
g is continuous on (l,oo), it follows that limsupj^^o^ = e\osi2 

limsup(Afa(-,/o))(t) = 2 limsup(Mx)(t) 



elog2 
4 



t^oo t^oo elog2 

T+1 



By the definition we have /o(2^") — 2"+^ ^" and so, from (|2.3p we obtain 
lim sup a{t, /o) > lim sup a(2^ , /o) 



1 ^ 2"+i , 227o(22"^ 

hmsup ' 



log 2 „_).oo V log2 2^" log2 2' 

1 . / 22"2"+i-2"^'^ 
lim sup 2 H 



log 2 „ 
2 



> 



log 2 
4 



elog2 

limsup(Afa(-,/o))(i). 



□ 



3. The classes of Dixmier and Connes-Dixmier measurable elements 

are distinct 

The following Lemma is taken from [15] (see Theorem 18 or [Ml Theorem 6.1.3]). 
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Lemma 3.1. Let x G Loo such that x o exp is uniformly continuous. The equality 
uj{x) — A holds for every dilation invariant generalized limit lo on Loo if and only 
if 



lim / x(as) — = A 

i-foo log t Ji s 



uniformly in a >1. 



Corollary 3.2. Let -0 g satisfies (|1.4|) . Let / e Af^ and let A be a real number. 
The equality Ti^{f) ~ A holds for every Dixmier functional r^^ if and only if 



lim 



1 



a("s, /)— = A 
s 



t^oo \ogt J I 

uniformly in a > 1. 

Proof. The mapping t — > a(e*, /) is uniformly continuous since 



dt 



{a{e\f)) 



1 



dt \^V(e*) Jo 
eV(e*) 1 



f*{s)ds 



f*{s)ds + 



e*/*(e*) 



□ 



The following Theorem strengthens the result from [9, Corollary 3.9] in the case 
when ij] £Vl satisfies 

Theorem 3.3. Let tp G Q satisfy (jl.ip . A positive operator T G AA^ is Dixmier 
measurable if and only if there exists a limit in (|1.9p . 

Proof. Suppose that T e M^p is Dixmier measurable positive operator, that is 
Trtj(r) = A for every Dixmier trace Tr^^ on A^^. According to Remark ll.li we 
have Ttj(/i(T)) = A for every Dixmier functional on M^. Denote, for brevity, 
f := H{T). By CoroUaryO we have 



(3.1) 



1 



lim , 

t->-oo \ogt J I 



a{as,f) 



ds 



A 



uniformly in a > 1. 

Using the pinching theorem one can show that the assumption (|l.ip implies 

hm till^ ^ 1 for every > 0. 
So, for any N > one can find such to = ta{N) that for every t > to we have 



(3.2) 



ij{Nt) - N' 



By the definition of a limit superior, there exists a > to such that 

1 



(3.3) 



a{aj) > 1- 



N 



lim supa(t, /). 
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Using p.2p and p.3p . we have 



ip{aN) Jo ii}{aN) 



N 



^ U ^ 1^ linisupa(t,/). 



for every s € [a, aN]. 
Hence, 

logiV 

Letting — > oo and applying p.ip , we obtain 



■/ '^io^^J)—'^T~~i:?f ^ Tf) limsupa(t,/). 



A > limsupa(t, /). 



Similarly one can prove that 
and, therefore. 



A < liminf a{t, /) 

t^oo 



lim a(t, /) = A. 



The converse implication is trivial. □ 



Let us consider the Marcinkiewicz space with 2p{t) — — 1. It is 

easy to see that ip G ft satisfies Hence, Ai^ admits non-trivial Dixmier traces. 

A direct computation shows that ^{t) = 2Vi°g2(i+*) _ i does not satisfy (|L8)) . 

The following Theorem provides an example of a positive operator Tq G 
which is Connes-Dixmier measurable, however it is not Dixmier measurable. 



Theorem 3.4. Let ifi{t) — 2V'°S2(i+*) — 1. There exists a positive Connes-Dixmier 
measurable operator Tq d such that the limit in (|1.9p does not exist. 



Proof. Let Tq be such that 



fc>0 



We set /o := //(Tq). We obtain for every 2"' < t < 2("+i)' 



«(^' /o) = T77T I /' /(^)^-* + - 2"')/o(i) 



(3.4) 




ds + t/o*(i)+0(l) 



It is easy to see that a(-,/o) is uniformly bounded and, so, /o G Af^,. Hence, 
To e X^. 
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By Lemma 1 1.21 for every dilation invariant generalized limit w on Loo which is 
satisfied (11.61) we have 



(3.5) w (^-^^ ) = for every / € M^. 

Denote by 



x{t) :=^2"-V^^X[2.^2(.+l,^)(^)• 

n=0 

We conclude from (j3.4l) and p.5p that T^{f ) = 2-uj{x) for every dilation invariant 
generalized limit u on Loo satisfying (|1.6p . 
For every 2"^ < t < 2*"+^)^ we have 



{Mx){t) = y / 2'=-^^— + / 2"-%/^— 

logt I ^72'^^ S 72"^ S 

;e 

f 2"-Vi^^< 2"-Vi^^ =n + -^ = o(logi), 
J 2^-^ s 72"^ s log 2 

aave 



(1) 



bi7E2+«W 

^ o(l). 



2 log 2 

Hence, Wxnt-^ryoiM x){t) = ^ and, therefore, Ttj(/) = for every Connes- 
Dixmier functional t^. Consequently, Tq is Conncs-Dixmicr measurable operator. 
However, direct computation shows that 

limsupa(i,/o) > lini o(2"',/o) =2 

t_j.oo n-i-oo 

and 

liminf a(t,/o) < lini a(2("+i/2)" ^ 

t^oo n— )-oo 

We conclude that a(-,/o) has no limit at infinity and, so, a limit in (|1.9p does not 
exist. 

□ 
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